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Abstract
Animportantchallengeinquantumscienceistofullyunderstandtheefﬁciencyofenergyﬂowin
networks.Herewepresentasimpleandintuitiveexplanationfortheintriguingobservationthatopti-
mallyefﬁcientnetworksarenotpurelyquantum,butareassistedbysomeinteractionwitha‘noisy’
classicalenvironment.Byconsideringthesystemʼsdynamicsinboththesite-basisandthemomen-
tum-basis,weshowthattheeffectofclassicalnoiseistosustainabroadmomentumdistribution,
counteringthedepletionofhighmobilitytermswhichoccursasenergyexitsfromthenetwork.This
picturesuggeststhattheoptimallevelofclassicalnoiseisreciprocallyrelatedtothelineardimension
ofthelattice;ournumericalsimulationsverifythispredictiontohighaccuracyforregular1Dand2D
networksoverarangeofsizesuptothousandsofsites.Thisinsightleadstothediscoverythatdramatic
furtherimprovementsinperformanceoccurwhenadrivingﬁeldtargetsnoiseatthelowmobility
components.Thesimulationcodewhichwewroteforthisstudyhasbeenmadeopenlyavailableat
ﬁgshare
4.
Thestudyofenergytransferinquantumnetworksisabroadﬁeld,rangingfromabstracttheoreticalstudies[1–
11]throughtoexperimentallyobservedtransportdynamicsofrealnetworks[12,13],forinstanceinlight-
harvestingcomplexes[14–20].Animportantobservationisthatwhilegenerallyapurelyquantummechanical
energytransferprocess(i.e. aquantumrandomwalk)isinherentlyfasterthantheclassicalequivalent,
neverthelesswhenonemeasurestheefﬁciencyofanetworkintermsofthetimeneededforaunitofenergyto
completelytraverseit,thenitisoftenoptimaltotemperthepurelyquantumdynamicswithadegreeofclassical
‘noise’.Thisnoisemaybe,forexample,dephasingofthequantumstate[21]oraspontaneoushoppingprocess;
ineachcasetheideallevelofnoiseisnon-zero,andforthelattercasethishasrecentlybeenveriﬁedfornetworks
ofarbitrarytopologyandsizesuptothousandsofsites[22].
Itiswellestablishedthattheoptimallevelofnoisevariesdramaticallyaccordingtotheparticularfeaturesof
theunderlyingsystem.Forexample,foraninputandanexitsitebridgedbyatopologicallydisorderednetwork,
noiseleadstoclassicaldiffusion,andthislimithasbeenfoundtobegenerallyoptimal[23].Asimilargeometrical
setupﬁndsthatnoisegenerallyimprovessystemswithlowefﬁciencyanddeterioratesthosespeciﬁcinstances
whichperformparticularlywellunderquantumdiffusion[24,25].Further,itiswellknownthatfor
homogeneouslinearchainswheretheexcitationentersononeendandexitsontheoppositeend,anynoiseatall
isdetrimental[22,26–30].Intriguingly,however,withtheexceptionofsomespeciﬁccasessuchasthepreceding
one,noisegenerallyremainsadvantageous.
IntraditionalFörstertheory[31]dephasingnoiseassumesabeneﬁcialrolebyinducingline-broading,which
improvesthetransferratebetweensiteswithenergymismatch.Atthesametime,itrenderstheresulting
dynamicsincoherent,andhencesuboptimal.Bycontrast,theearlyworkofHaken,StroblandReineker[32–34]
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©2015IOPPublishingLtdandDeutschePhysikalischeGesellschaftconsidersbothclassicalandquantumdiffusionascontributingtotransport,andinsomelimitsevencaptures
thefactthatacertainamountofnoisecanbeadvantageous[27,35].However,itdoesnotprovideadeeper
insightintothisintriguingobservationandthesubtleeffectsgivingrisetoit.
Therefore,variousexplanationsforclassically-assistedquantumtransporthaverecentlybeenproposed
[26,27,35–45](see[46]forareviewofearlierworksonquantumtransportphenomena).Forexample,[27]
addressesbothline-broadeningandthesuppressionofdestructiveinterferenceasbasicmechanismsunderlying
thisphenomenon.Veryrecently,[47]introducedseveralfurthermechanismsoccurringinsimpleenergy-
transfermodelswithfewsites,whichmayalsopersistinlargernetworks,whereas[48]providesasimplewayof
understandingwhythereexistsanoptimalamountofexcitonwavefunctiondelocalisationinphotosynthetic
networksintermsofa‘quantumGoldilocksprinciple’.Generally,innetworkswithdisorder(e.g. irregularities
inthesitecouplings)thequantumstatecanbecomelocallytrapped[3].Injectingclassicalnoisecanbreakthis
localisation,ashasforinstancebeenrecentlyexperimentallyobservedinultra-coldatomicsystemsonoptical
lattices[49].Similartoclassicalnoise,evenaveryweaklocalmeasurementcansuppressAndersonlocalization,
henceenhancingquantumtransport[50].Classicalnoisehasbeenfoundtobeadvantageouseveninperfectly
orderednetworks.Forsuchsystemsitisgenerallyarguedthatquantumnetworkssufferfromakindoflocking
effect,wheredestructiveinterferenceoccursbetweenthedifferentpossiblepathwaystotheexitsite.
Followingthenotionofinvariantsubspacesintroducedin[27],anequivalentstatementofthiseffectisthat
someofthespatialeigenstatesofthesystem(whichareingeneralhighlynon-local)mayhavezeroamplitudeon
agivensite—ifsuchasitehappenedtobetheexit,thenanypartoftheinitialwavefunctionassociatedwithsuch
aneigenstatewouldneverbeabletoleavethenetwork.Classicalnoisedisruptssucheigenstates,thusalleviating
theproblem.Thisconcepthasrecentlyalsobeenlabelledthe‘orthogonalsubspace’tothetrapping
superoperatorandusedtoderiveanasymptoticscalingtheoryforenergytransport[51].Inthispaperwewillsay
thatasystemexhibits‘quantumlocking’ifthereisaﬁniteprobabilityofenergyremainingonthenetworkas
→∞ t (forzeronoise).Strictquantumlockingoccursincertainnetworktopologies,however,amuchlarger
classofnetworksexhibitsan‘approximate’variantofit,wheretheamplitudeofcertaineigenstatesontheexit
siteissmall(asopposedtoidenticallyzero),i.e.thereisadegreeofdestructiveinterferencepresent,however,
withouteffectingacompletecancellationofthewavefunctionontheexitsite.Aswehavedeﬁneditabove,
quantumlockingisperhapsthemostintuitivewayinwhichdestructiveinterferencemayinhibittransfertothe
exitsite.However,notethatinterference-relatedeffectscanalsohaveotherconsequencesaffectingtransport,
andthemechanismwediscussinthispapercouldalternativelybeseenasaninstanceinthiscategory.
Itiswell-establishedthatquantumlocking,despiteitsimportanceandconceptualelegance,doesnot
provideacomprehensiveexplanationfornoise-assistedquantumtransporteveninhighlyorderednetworks:
thereareanumberofbasiccaseswhereclassicalnoisedoesassistquantumtransport,andyetprovablythereis
noquantumlockingeffectpresent.Thesimplestexample(ﬁgure1(a))istheone-dimensional(1D)chainwith
anexitsiteatoneendandaninitialexcitationsitewithinthechain[22,30].Indeed,adeformedlinearchain
constitutesanexamplewithoutevenapproximatequantumlocking,andyetclassicalnoiseremainsbeneﬁcial
(seeappendixA).Aswepresentlydiscuss,manyexamplesalsoexistinthemorecomplicatedlandscapeoftwo-
Figure1.Someoftheregularnetworktopologiesconsideredhere:(a)linear(b)ring,and(c)rectangularlattices.Eachcircle
representsasite,i.e.amoleculeorotherentitywhichcanbeexcitedbyaquantumofenergy;theexcitationcanhopfromonemolecule
tothenearestneighbouringmoleculeandleavethenetworkviatheexitsite.
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importanteffect,weshouldcontinuetoseekanexplanationforthephenomenonwhichalsoencompassesthose
cases.
Inthispaper,wewillarguethatclassically-assistedquantumtransportinregularnetworkscanbeintuitively
understoodbyviewingthedynamicsthroughacombinationofthesite-basisandthemomentum-basispictures.
Webeginbyexplainingthebasicprinciple,beforedevelopingtheideamoreformallyandﬁnallycheckingthe
predictionsversusintensivenumericalsimulations.Ouranalysisinthispaperisrestrictedtothecasewhere
thereisasinglequantumofenergyinthenetwork,althoughweanticipatethatourargumenttranslates
straightforwardlytomultipleenergyquanta,aslongasthedensityofexcitationsislowandinteractionsbetween
excitationsrarelyhappen.(Wenoteinpassingthatincertainphotosyntheticsystems,thesingleexcitation
modeliscertainlyappropriatesincefewerthan10photonsareabsorbedpermoleculepersecond[52],whilethe
couplingstrengthofmolecules ∼1m e V,andthusthetransportprocessis ∼1010timesfasterthanthe
absorptionprocess.)Weidentifythesitebasiswithstateswrittenas ∣ 〉 i s,whichcorrespondstotheenergybeing
deﬁnitelylocatedatsite-i,andwewillassigntheindexxtothe‘exit’site.Wewillpresentlydeﬁnethemomentum
basisasthestandardcanonicalcomplementtothesitebasis.
Toexplaintheprocessletusﬁrstconsiderarathercontrivedmodelforclassicalnoise:wewillsubjectour
quantumsystemtoaperiodicseriesofinstantaneouseventswherethestateiscompletelydephasedinthesite
basis.Weinitialiseoursystembyinjectingenergyatsomerandomlychosenlocation,i.e.weselectsomerandom
initialstate ∣ 〉 i s,andtherefollowsaperiodofevolutionbeforetheﬁrstdephasingevent.State ∣ 〉 i s willofcourse
correspondtoabroadsuperpositionofstatesinthemomentumpicture.Thecomponentswithahighgroup
velocitywillrapidlytransitthenetworkandwillbetheﬁrsttoimpingeontheexitsite(to‘hit’thatsiteinthe
terminologyofrandomwalks).Therewillthenbeaﬁniteprobabilityperunittimeoftheenergyexcitingthe
system;overtimeiftheenergydoesnotexit,thewavefunctionwillskewfurtherandfurthertowardlowergroup
velocityterms.Supposethatthishasoccurredforsomeperiod,andthentheﬁrstofourclassicalnoiseevents
occurs.
Thisdephasingeventisequivalenttomeasuringthesysteminthesitebasis,andthenforgettingtheoutcome.
Ineffectwearereinitialisingthesystemtosomestate ∣ 〉 j s (althoughofcoursethischoiceisnotpurelyrandom,
sinceagivensitejismorelikelyifitisclosertotheoriginalsitei).Butregardlessofwhich ∣ 〉 j s weselect,the
importantpointisthatthemomentumdistributionisnowonceagainbroadandincludeselementswithahigh
groupvelocity.Thusourperiodicclassicalnoiseprocessrepeatedlyreinvigorates,orrejuvenates,the
momentumdistributionandsocounterstheskewtowardslowmobilityelements.In-betweennoiseeventsthe
highgroupvelocitycomponentswillreachtheexitandberemoved.Clearlythereissomeoptimalrateof
classicalnoise:ifitistoostrong,i.e.thefrequencyoftheeventsistoohigh,thenafteroneeventanotherwill
occurbeforethemorerapidlypropagatingcomponentscanexit—thiswouldmerelyreducethequantum
randomwalktoaclassicalonewithoutanyadvantage.Conversely,tooweakalevelofclassicalnoisewillmean
thatwemisstheopportunitytorejuvenatethemomentumdistribution.
Thislineofthoughtleadsonetoconcludethattheoptimalfrequencyoftheclassicalnoiseshoulddependon
thelatticesize.Inalargerlattice,thehighmomentumcomponentshavefurthertogotoreachtheexit,andsoa
longerperiodshouldbeallowedbetweentheclassicalnoiseevents.Onemightexpecta N 1 dependence,where
Nisthelineardimensionofthelattice(sothatasquarelatticehasN
2sites).Inthefollowing,thisconjectureis
veriﬁedtoahighdegreeofaccuracybyournumericalsimulations.
Thetransportofenergyinaregularnetworkwithidenticalsitescanbemodelledas( =  1)

ρ
ρρρ
∂
∂
=− + +
t
H i[ , ] , (1) x
wherethecoherenttransportisgivenbytheHamiltonian
∑ σσ =− − + +− () Hp J (1 ) h. c. , (2)
ij
ij
,
whereh.c.denotestheHermitianconjugateandthenoisyclassicalprocessiseitherclassicalhopping(CH)
  ∑ ρρ ρ =+ () ,( 3 )
ij
ij ji
,
,,
with
⎜⎟ ⎛
⎝
⎞
⎠  ρλ σ σ ρ σ σ σ σ σ σρ =− − +− +− +−+− {} pJ
1
2
,, ( 4 ) ij i j ji jii j ,
1
3
NewJ.Phys.17(2015)013057 YLietalorpuredephasing(PD)
 ∑ ρσ ρ σ ρ =− () pJ
1
4
,( 5 )
i
i
z
i
z
andtheexcitationleavesthenetworkviatheexitsite-xaccordingtotheprocess
⎜⎟ ⎛
⎝
⎞
⎠  ρΓ σ ρ σ σ σρ =− −+ + − {}
1
2
,. ( 6 ) x xx x x
Here,ρisthestateofthenetwork,σ =∣〉 〈∣
+ eg i i andσ =∣〉 〈∣
− ge i i areladderoperatorsdescribingtransitions
betweenthegroundstate∣〉 g andtheexcitedstate∣ 〉 e ofthesite-i,〈〉 ij , denotestwoconnectedsites,Jisthe
couplingstrength, − p 1 andparetherelativeweightingsofthequantumandclassicalprocesses( ⩽⩽ p 0 1)
[22,23,53],theconstantλ = 2, 4, 6for1Dchain,2Dsquare,andthree-dimensional(3D)cubiclattices,
respectively,andΓisthestrengthoftheexitcouplingfromthenetwork.Notethatwedonotneedtoexplicitly
includethereactioncentresdepictedinﬁgure1inourmodel.
Oursingle-excitationsubspaceisspannedby ∣〉 i { } s ,wherethestate σ ∣ 〉= ∣〉
+ i g s i s and∣ 〉 g s denotestheoverall
groundstateoftheentiresystem.Whenp=0,thetransportprocessispurelyquantummechanical;whenp=1,
thetransportbecomesacompletelyclassicalrandomwalkintheCHmodel,andwillbeswitchedoffentirelyin
thePDmodel.HereouranalysiswillbelargelyfocusedontheCHmodel,butwenotethatthesamebasic
argumentwillapplytoPD.
Inordertomeasurethetransportefﬁciency,welookattheprobabilitythatattimettheenergyquantumhas
failedtoexitthenetwork, ρσ σ = ∑ =
+− P tt () T r[ () ] i
N
ii 1 .Thisisthe‘population’remainingonthenetwork.In
caseswherethereisnoquantumlockingallpopulationeventuallyvanishes;onesuchsystemisthe1Dchainwith
theexitatoneendofthechain,asshowninﬁgures1(a)and2(a).Moreover,itwillalwaysvanishwhenwehave
ﬁniteclassicalnoise.Thereforewecangaugethetransportefﬁciency,orrathertheinefﬁciency,byﬁndingthe
averagedwellingtimeinthenetworkwhichwedeﬁneas ∫ =
∞
t tPt ¯ d( )
0 .Weregardanetworkasoptimised
whenthisquantityhasbeenminimised.
Figure2.Fora1DchainofN=40siteswithan‘exit’siteatoneend(seeﬁgure1(a)),andarangeofclassicalhoppingratesp,weplot
(a)theprobabilityP(t)thattheenergyquantumisstillonthenetwork,and(b)theaveragedwellingtimet ¯.Theenergyisinitially
locatedatarandomlychosensite,sothatcurvesarecomputedusinganinitialρ = ∑ ∣〉 〈∣ −
= Ni i (0) i
N
s
1
1 .Wesettheexitcouplingtobe
Γ = J 3 .In(a),thegreenlinecorrespondstothepurecoherenttransportcasep=0,theredlinecorrespondstothepureCHcasep=1,
andblacklinesrepresents =… p 0.1, 0.2, , 0.9frombottomtotop,respectively.In(b),onecanﬁndthattheaveragedwellingtimeis
minimisedataﬁniteCHrate ≃ p 0.03.
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averagedwellingtimeisminimizedat ≃ p 0.03forthechainwithlatticesizeN=40whenwetaketheexittobe
siteN.
Inthesingle-excitationsubspaceofthe1Dchain,themomentumeigenstatewithwavevectorka is
∑ =
+
k
N
ki i
2
1
sin ( ) , (7) m
i
N
s
where π =+ kn N (1 ) , =… n N 1, 2, , ,andaisthelatticeconstant.Theeigenenergyofthestate∣ 〉 k mis
=− − E pJ k 2(1 ) cos k ,andthecorrespondinggroupvelocityis∣ ∣= ∣ ∂ ∂ ∣ va E k kk g, .Therefore,awavefunction
formedfromstatesinthemiddleofthebandhasahighgroupvelocity δ ∣ ∣≃ − − πδ + vp J a k 2(1 ) (1 2) k g, 2
2 ,
whileasuperpositionofstatesattheedgeofthebandhasalowgroupvelocity δ ∣ ∣∣ ∣ ≃ − δπ δ − vv p J a k ,2 ( 1 ) kk g, g, .
Supposethatatt=0ourexcitationisatsitei,theninvertingequation(7)weseethatinthemomentumbasis
thestatehasaprobabilityof + kj N 2s i n( )( 1 ) 2 associatedwiththeeigenstate∣ 〉 k m.Hence,thesite-localised
excitationwillhavesigniﬁcantpopulationinboththehigh-andthelow-velocitystates.Aswehavediscussed,the
higher-velocitycomponentsleavethesystemﬁrst,leavingbehindanevermoreslowlyfallingpopulation
remnant.
SupposethataﬁnitelevelofCHispresent.Eventhoughournoisemodels(equations(3) and (5))are
continuous,wecanmapthisontodiscreteeventswherebytheexcitationiseffectivelyreinitializedduringthe
transportprocess.Forashorttimeδt,thestateevolvesas
⎡ ⎣ ⎤ ⎦
 ρδ ρ +≃ δδ δ δ − tt t () e e e( ) e . ( 8 ) t t Ht Ht ii e
Inthesingle-excitationsubspace,theeffectofCHcanbeexpressedas
 ∑ ρρ ρ ρ ≃+ + δ () EE E E E E e, ( 9 ) t
ij
ij ij ji ji 0 0
†
,
, ,
†
, ,
†
where
 ∑ λδ =− + − () Ep J t i i j j
1
2
, (10)
ij
s s 0
1
,
λδ = − Ep J t i j . (11) ij s ,
1
Hence,aCHeventEij , correspondstoameasurementofthepositionoftheexcitationatsitejfollowedby
movingtheexcitationtoarandomlychosenneighbouringmoleculei,i.e.effectivelyreinitialisingtheexcitation
tooneoftheneighbouringsites.
ThepresenceofdephasingPDwillhaveessentiallythesameeffect,ofcoursewithouttheﬁnal‘hop’;itcanbe
expressedas
 ∑ ρρ ρ ≃ ′ + ′ δ ′′ EE EE e , (12) t
i
ii 00
††
where
 ∑ δ ′ =− Ep J t i i
1
2
, (13)
i
s 0
δ ′ = Ep J t i i . (14) i s
Thusforbothourmodelsofcontinuousclassicalnoise,wemayequivalentlythinkintermsofanoccasional
reinitialisationprocesswherepartofthepopulationinlow-velocitystateswillbepromotedtohigh-velocity
states.Tooptimizethetransportefﬁciency,thehigh-velocitycomponenthastoleavethenetworkbeforethe
nextCHorPDeventhappens.Therefore,theoptimallevelofclassicalnoisepdecreaseswiththetimerequiredto
leavethenetwork,i.e.thelatticesize.Noticethatthisimpliesthatinthelimit → ∞ N ,theoptimalrate → p 0.In
otherwords,forverylargeorderedlatticesweexpectthattheclassicalnoisemechanismdescribedherewillno
longerbeadvantageous.
Inﬁgure3weshowhowthemomentumdistribution ρ =∣ 〉 〈 ∣ P kk Tr ( ) km evolvesovertime,startingfroma
broadinitialdistributioncorrespondingtoasiteeigenstate∣ 〉 i s.Forthepurelyquantumlimitp=0oneﬁndsthat
populationsinhigh-velocitystates, π ∼ k 2,vanishmuchfasterthanthoseinlow-velocitystates,soourinitially
evendistributionbecomeshighlyskewedastimepasses.ForthepureCHcase,populationswithdifferent
momentavanishwithalmostthesamerate,butthisrateismuchslowerthanthecoherenttransport(notethe
unitsofthetimeaxisaretentimesgreater).Inthe‘bestofbothworlds’caseamodestlevelofCHservesto
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networkquiteefﬁciently,whileatthesametimethelingeringwingsofthedistributionaredepletedaswe
transferpopulationfromlow-velocitystatestohigh-velocitystatesviaCHevents.Asaresult,although
populationinhigh-velocitystatespersistsforlongerthanitdoesinthepurelyquantumcase,neverthelessthe
overalltransportefﬁciencyisincreased.Thisexplanationremainsvalidinthepresenceofmoderatelevelsof
disorderasweshowinappendixB.
Theanalysissofarhasbeenpresentedintermsofthe1Dlattice,butthesameargumentsequallyapplyto
higherdimensionalregularlattices.Wenowpresenttheresultsofnumericalsimulationswhichwehave
performedon1D,2Dand3Darrays.Inallcasesweobservea N 1 scalingoftheoptimalnoiselevel,whereNis
thelineardimensionofthearray.Thisisfullyconsistentwiththeexpectationthatthephenomenonof
momentumrejuvenationappliestoregularnetworksofanydimension.
Tobespeciﬁc,weshouldinfactanticipatethatthequantity − pp (1 )willscaleinthisway,accordingtothe
followingreasoning:theeffectiverateatwhichwereinitialisethemomentumdistributiongoeswithpJ,butthe
rateatwhichthequantumcoherentevolutionoccursisproportionalto − pJ (1 ) ,seeequation(2).Thusthe
widthwhichtheexcitationʼsspatialdistributioncanreachbetweenreinitialisationeventsvarieswith − p p (1 ) ,
andweexpectthatthiswidthshouldbeproportionaltothelinearlatticesizeN(andthereforetheaverage
distancebetweenarandomlychosensiteandtheexitsite).Thusweexpecttosee
−
=
+
p
p
b
Nc 1
,
wherebisaconstantofproportionalityandwehavealsoaddedanadjustmentctoallowforﬁnitesizeeffects
(whichshouldbesigniﬁcantonlyforsmallarrays).Wedonotpredictthespeciﬁcvaluesoftheseconstants,
whichwilldependforexampleonthelocationoftheexitsite(corner,edgeorinternaltothelattice).However,
weexpectthattheaboveexpressionwillbeaccuratelyobeyedifbandcaretreatedasfreeﬁttingparameters.In
ﬁgure4wedisplaytheresultsofaseriesofnumericalexperimentswherewetestourhypothesis.Weﬁndthatthe
proposedfunctiondoesindeedﬁtthedatawell.Correspondingﬁttingparametersandconﬁdenceintervalsare
showninappendixC.
Itisworthnotingthatonecanobtainareasonableestimateoftheoptimalrateofclassicalnoisemerelyby
applyingoursimplediscretisedpicture:fullydephasingeventsoccurintermittently,inplaceofthereal
continuousnoise.Wesupposethatthesingle-excitationstateevolvescoherently,i.e.p=0,andiscompletely
reinitializedwiththeperiodτ.Acompletereinitializationreads
∑ ρ
ρ
→
= N
ii
Tr ( )
, (15)
i
N
s
1
whichmeanstheexcitationisinitializedatarandomlychosensite.IfP(t)denotesthepopulationinthenetwork
attimetwhenp=0(i.e. thegreencurveinﬁgure 2),thepopulationafternoccurrencesofthereinitialization
eventwithperiodτis τ P() n.Therefore,roughlyspeaking,thepopulationinthenetworkdecayswitharate
γ ττ =− P ln ( ) dis .ForthechainwiththesizeN=40showninﬁgure2,weextractamaximumofthedecayrate
γdisatτ ≃ − J 42.5 1.ComparingthefrequencyofcompletereinitializationswiththeCHrate,τ ∼− − Jp p (1 ) 1 ,
thenthisoptimalperiodcorrespondstotheCHratep=0.023,whichisremarkablyclosetotheobservedoptimal
CHratep=0.029.
Figure3.ColourmapsshowingthepopulationsassociatedwithmomentumeigenstatesPkontheone-dimensionalchainlatticewith
N=40sites(seeﬁgure 2)for(a)thepurecoherenttransportcasep=0,(b)theoptimalCHratep=0.029,and(c)thepureCHcase
p=1.Notethatthetimerange(horizontalaxis)istentimesgreaterfor(c),andthatthereforethepureclassicalhoppingisveryinferior
totheothertwo.Insetplotsshowpopulationdistributionsatthetime = − t J 200 1,withtotalprobabilitystated.
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NewJ.Phys.17(2015)013057 YLietalHowdoestheroleofnoiseinovercomingquantumlockingcomparetoitsroleinthismomentum
rejuvenationpicture?Weknowthatquantumlockingisasigniﬁcanteffectinmanysystems.Forexampleina
regular2Dsquarearraytherewillalwaysbeﬁnitequantumlockingintheabsenceofnoise,andthereforethe
assistanceprovidedbynoiseis,inpart,toremovethislockingeffect.Howevertherearealsomanycaseswhere
thereisnoquantumlockinginthezero-noiselimit.Ournumericalsimulationsindicatethatsuchcasesinclude
thefollowing(foranylocationoftheinitialstateandexit,unlessotherwisenoted):
￿ A1Darraywiththeexitatoneend,andtheinitialexcitationsitewithinthechain.
￿ A2Darray ×+ N N (1 ) with > N 4andtheexitinacorner.
￿ Any2Darraywithdimensions −× − NM ( * 1) ( * 1),whereN
*andM
*aretwodifferentprimes.
￿ Any2Darraywithmultipleexitsitesformingtheperimeter(shownanalyticallyinappendixD).
￿ Any2Darraywith(arbitrarilysmall)randomperturbationstothecouplingstrengthsortheon-siteenergies.
Forallthesecaseswewouldexpectthatthemomentumrejuvenationpicturestillapplies,sinceithasno
specialrelianceonsymmetriesinthesystem.Andindeedinallthesecasesweﬁndthatthereisaﬁnitevalueof
classicalnoisewhichoptimisesthenetwork.Thereforeweconjecturethatthemomentumrejuvenationpicture
isacomplementaryexplanationfornoise-assistedtransportinregulararrays;whichnotonlycapturesthe
importantroleofnoiseindisruptingquantumlocking,butalsoappliestonetworkswhichdonotfeature
locking.
Insupportofthisview,wenotethatﬁgure4(b)containsoneinstanceofanetworkwherelockingispresent
(thesquarearray)andoneforwhichitisnot(rectangularwithexitonthecorner).Forsmallnetworkswenote
thattheoptimalamountofnoiseishigherforthesquarelatticecomparedtotherectangularone.Infact,thisis
Figure4.Theoptimalclassicalhopping(CH)rate popt of(a)one-dimensionalchainlatticesandringlatticeswithNsites,(b)two-
dimensionalsquarelattices,toruslatticeswithN×Nsites,andrectanglelatticeswith ×+ N N (1 ) sites,and(c)three-dimensional
cubiclatticeswith ×× N NN sites.TheoptimalCHratedependsonthepositionoftheexitsite.Theexitsiteisplacedattheendon
chainlatticesandacorneronsquare,rectangular,andcubiclatticesasexamples.OptimalCHratesgivenbytheaverageremaining
populationforallpossiblepositionsoftheexitsitearealsoconsideredforchainandsquarelattices.Thecurvesareobtainedbyﬁtting
thefunction −= + p pb N c (1 ) ( ) opt opt ,andﬁttingparametersareshownintableC.1.WehavesupposedthatΓ = J 3 andthe
energyisinitiallylocatedatarandomlychosensite.
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broadmomentumdistribution.
Onemightaskiftherandomclassicalnoisefromanetworkʼsenvironmentisanidealmeansofmaximising
thetransportefﬁciency,orwhetherothermechanismsmightleadtoevenhigherefﬁciency.Accordingtothe
picturewehavepresented,classicalnoiseeffectivelyrejuvenatesthewholemomentumdistribution
indiscriminately.Itwouldpresumablybeevenmorebeneﬁcialifonecouldsomehowpreferentiallyrejuvenate
thelowvelocitystates,leavingthehighvelocitystateunperturbed.Wenowpresentasimpleone-dimensional
examplewherethisbecomespossiblewhenaglobaldrivingﬁeldisapplied.
Letusassumethateachlatticesitepossessesanadditionalexcitedstate ∣ ′〉 e (seeﬁgure 5(a)).Thesehigher
excitedlevelsformasecondexcitedtierofthenetwork,whichwillingeneralexperiencedifferenthopping
strengths ′ J .Forsimplicityletusassumefornowthatnoclassicalnoiseispresentandthatthecouplingstrength
′ J isnegligiblecomparedtoJ.(Notethatonly ′≠ J J isarequirementforthecontrolprotocoldescribedhere,but
thepresentassumptionmakesthefollowingargumentparticularlystraightforward.)Asaresult,wehavepurely
quantumtransportinthelowerexcitedmanifoldspannedbythe∣ 〉 e i levels,governedbythehamiltonian2
withp=0.
Letωbetheenergydifferencebetween∣ 〉 e and∣ ′〉 e ;theapplicationofglobaldrivingﬁeldswithfrequencies
ω ± J 2 willthendrivetransitionsbetweenlowvelocity∣ 〉 e states(indicatedbyredcirclesinﬁgure5(a))and ∣ ′〉 e
states.Atthesametime,high-velocitytransitionsaredetunedandthussuppressed.ThedrivingHamiltonianis
givenby
⎡ ⎣ ⎤ ⎦ ∑ωσ σ Ω σ =− + ω ′+ ′− ′+ HJ t e sin (2 ) h.c. , (16)
i
ii
t
i d
i
wheretheRabifrequencyΩisproportionaltotheintensityoftheappliedﬁeld,andσ =∣′ 〉 〈∣
′+ ee i i and
σ =∣〉 〈′ ∣
′− ee i i areladderoperatorsdescribingtransitionsbetweenthestate∣ 〉 e andthestate∣ ′〉 e ofthesitei.
Theonlyotherprocesswerequireisdissipativerelaxationfromthesecondexcitedtierbackintothelower
excitedmanifold,e.g.phonon-assistedtransitionswhichrandomisethemomentumoftheelectronicstate.
ThesecanbedescribedbythefollowingLindbladsuperoperator
⎜⎟ ⎛
⎝
⎞
⎠  ∑ ργ σ ρ σ σ σρ =− γ ′
−
′
+
′
+
′
− {}
1
2
, , (17)
i
ii i i
whereγisthedecayratefromthestate∣ ′〉 e tothestate∣ 〉 e .
Underthesecircumstances,thepopulationispreferentiallypumpedfromlow-velocitystatestotheexcited
state,fromwhichitdecaystoanymomentumstate(asshowninﬁgure 5(b)).Thusbytargetingthelow-velocity
stateweachieveamuchfastertransfer(i.e. lowerpopulationremainingonthenetwork)thanfortheoptimal
quantum-classicalhybridnetworkshowninﬁgure3(b).
Inconclusion,weofferanintuitiveexplanationfortheobservationthatclassicallyassistedquantum
transportcanbemoreefﬁcientthanpurequantumevolution,eveninsystemswherequantumlockingis
Figure5.(a)Levelstructureofmoleculeswithdriventransitionsbetweentheexcitedstate∣ 〉 e andthehigherexcitedstate∣ ′〉 e .Because
ofthehoppingcoupling,a‘conduction’bandwiththewidth J 4 isformedaroundtheenergyofthestate∣ 〉 e .(b)Colourmapshowing
thepopulationsassociatedwithmomentumeigenstatesPkonanetworkwithdrivingﬁelds;asinﬁgure3(whichsharesthesame
colourscale),aone-dimensionalchainlatticewithN=40sitesisconsideredasanexample.Here,theRabifrequencyΩ = J 0.3 and
thedecayrateγ = J 0.4 .Comparisonwithﬁgure3showsthatthepopulationremainingonthenetworkattime = − t J 200 1is
signiﬁcantlysmallerthanforthepassiveoptimalquantum-classicalhybridnetwork(0.0024versus0.0473).
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NewJ.Phys.17(2015)013057 YLietalnegligible.Wepredictthattheoptimallevelofclassicalnoisewillscaleinverselywiththelineardimensionofthe
array,andournumericalsimulationshaveconﬁrmedthisbehaviourforsystemsofupto2500sites.Thepicture
wehavepresentedisoneinwhichtheclassicalenvironmentactstocontinuallyrejuvenatethemomentum
distributionofthequantumparticleasittraversesthenetwork.Ingeneraltermstheexistenceofwavepacket
componentswithlowvelocitycanclassedasaninterferenceeffect;herewehaveintroducedamomentum
picturewhichwebelieveprovidesthecorrectintuitiveperspectiveforunderstandingthisaspectofnoise-
assistedquantumtransport.Weusetheintuitiongainedfromadoptingthisviewpointtoshowthattheuseof
globaldrivingﬁeldscanbefarmoreefﬁcientthansimplerandomnoise.
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AppendixA.Deformedchains
Inthisappendixwediscussanexampleofthemomentumrejuvenationmechanismforasystemwherethereis
notevenapproximatequantumlocking.
Inuniformchainswiththe‘exit’siteatoneend,alleigenstateshaveﬁniteamplitudesontheexitsitegivenby
+ Nk 2( 1 )s i n fortheeigenstate∣ 〉 k m.Hence,thereisnostrictquantumlockingintheseuniformchains
( π << k 0 ).However,insuchachainallstateswithakcloseto0orπareonlyveryweaklycoupledtotheexit
site,whilstthosewith π ∼ k 2havemaximalcoupling.Theseweaklycoupledstatesmaythencausean
approximatequantumlockingeffect.LetusnowinsteadconsideradeformedchainwithNsitesandthe‘exit’
siteatoneoftheends,forwhichtheHamiltonianreads
FigureA1.Energytransportindeformed1DchainsofN=40siteswithan‘exit’siteatoneend.Theratesofclassicalhoppingare
scaledaccordingtothequantumhoppingrates.(c)and(d)sharethesamecolourscalewithﬁgure3.
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=
−
+
+
− () Hp J (1 ) h.c. , (A.1)
i
N
i ii
1
1
1
where == − J JJ 2 N 11 and = ≠− J J iN 1, 1 .Inthisdeformedchain,theeigenstatesaregivenby
∑ =
−
− kC
N
Ak i i ¯ 2
1
cos [ (1 ) ] ,( A . 2 ) m k
i
N
is
where π =− kn N (1 ) ; =… − n N 0, 2, , 1; == − A A 12 N 11 , = ≠− A 1 iN 1, 1 ; == π CC12 0 and
= π ≠ C 1 k 0, .Theeigenenergyofthestate ∣ 〉 k ¯ mis =− − E pJ k ¯ 2(1 ) cos k .Fortheamplitudeofthestate ∣ 〉 k ¯ mon
theexitsiteoneﬁnds − N 1 2( 1) if π = k 0, and − N 1 1 if π ≠ k 0, .Therefore,alleigenstatesareequally
coupledtotheexitsiteexcepttwoofthem( π = k 0, )whosecouplingisreducedbyonlyafactorof 1 2.
Itisthenfairtostatethatthereisnosigniﬁcantlevelofquantumlockingpreventingtransporttotheexitsite,
sothatfromthequantumlockingpictureonewouldnotexpectnoisetobeadvantageous.Bycontrast,
consideringthemomentumspacedistributionofthechain,weexpectthatmomentumrejuvenationstillought
toplayabeneﬁcialrole.OurnumericalresultsshowninﬁgureA1 conﬁrmthattheconceptofnoise-assisted
transportremainsfullyapplicable.Inthiscasethisisclearlyduetothemomentumrejuvenationeffect,rather
thanquantumlocking.
AppendixB.Disorder
ThemomentumrejuvenationmechanismisrobusttodisorderasshowninﬁgureB1 .Inthepresenceof
disorder,purequantumtransportissloweddownbywave-functionlocalisation[3,39,40,48].However,aslong
asthereisnoenergyeigenstatethatiscompletelydecoupledfromtheexitsite,theexcitationcanstilleventually
leavethenetworktothereactioncentre.Whendisorderisnottoostrongandthemomentumeigenstatesarestill
agoodapproximationoftheenergyeigenstates(asis,e.g.,thecaseforthe10%ﬂuctuationsinthequantum
hoppingstrengthunderlyingﬁgureB1),thepictureofmomentumrejuvenationenablingfastertransport
remainsvalid.Generallyspeaking,disorderedsystemsthenbeneﬁtfromnoisebothforovercominglocalisation
aswellasformomentumrejuvenation.Aslongasthelevelofdisorderisweak,momentumrejuvenation
continuestoplaythemoreimportantroleinnoise-assistedquantumtransport.
AppendixC.Fittingparameters
Theparametersusedinthelineﬁttingsforﬁgure4areshownintableC.1.IntableC.2 ,weshowthe95%
conﬁdenceintervaloftheﬁttingparametersforﬁgure4,whichwereobtainedbytheMATLABfunction‘ﬁt’.
AppendixD.Perimeterexit
ForarectangularnetworkofthetypeshowninﬁgureD1 ,theHamiltonianreads
∑∑ ϵσ σ σ σ =− + +− +− () HJ h.c. . (D.1)
i
i ii
ij
ij ij
,
,
Here,theon-siteenergyϵi andquantumhoppingstrengthJij , neednotbeallidentical,butweassumethat
≠ J 0 ij , forallnearestneighbourterms.Ifallsitesontheperimeterareexitsites(yellowsitesinﬁgureD1),i.e.
coupledtothereactioncentre,alockedstateisaneigenstateoftheHamiltonianwithzeroamplitudeonthe
wholeperimeter.Ingeneral,inthesingle-excitationsubspacethelockedstatecanbewrittenas
TableC.1.Fittingparametersofcurvesinﬁgure4.
Latticetype bc
Chain 1.453 8.311
Chain—average 2.081 7.371
Ring 4.483 3.657
Square 1.493 1.128
Square—average 1.209 −1.17
Toric 2.404 −0.660
Rectangular 1.443 7.068
Cubic 1.29 −0.4443
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i
is
wheretheamplitude = c 0 i forall  ∪ ∈ i .Here,theset containsthefourcornersites,andtheset
containsallothersitesontheperimeter.Furthermore,weuse′todenotesitesonanimaginedinnerperimeter
(bluesitesinﬁgure D1),allofthesearecoupledtoperimetersites.Since,∣ 〉 LS s isaneigenstate,
〈∣ ∣ 〉= iH Ec LS , ss i LS whereELSistheeigenenergyofthelockedstate.Forperimetersitesin,
 〈∣ ∣ 〉∣ =− ∈′ ′ iHLS J c ss i i i i , ,wherethesite  ′∈ ′ i istheonlyoff-perimetersitecoupledtotheperimetersite-i.
However,from  = ∈ c 0 i and ≠ ′ J 0 ii , itfollowsthat  = ′∈ ′ c 0 i .
Therefore,forastatetobelocked,notonlydoesitsamplitudeontheperimeterhavetobezero,itsamplitude
ontheinnerperimetermustalsovanish.Lettingtheinnerperimeternowtaketheroleoftheexitsitesand
repeatingthepreviousdiscussion,oneﬁndsbyinductionthatalockedstatepossesseszeroamplitudeonthe
wholenetwork.Inotherwords,thereisnolockedstateforsuchanetworkwiththewholeperimeterﬁlledbyexit
sites.
FigureB1.Energytransportindisordered1DchainsofN=40siteswithan‘exit’siteatoneend.Inthesedisorderedchains,the
quantumhoppingstrengthisnormallydistributedwiththeaveragevalue − pJ (1 ) andvarianceσ =− pJ 0.1(1 ) .Thepopulations
P(t)andPk(therebyt ¯)aretheaveragevaluesobtainedfrom1000samples.Comparing(a)and(b)withﬁgure2,theenergytransportis
generallysloweddownbythelocalisationeffect.AnoptimalCHratestillexistsin(b).Asshownin(c)and(d)(whichsharethesame
colourscalewithﬁgure3),themomentumrejuvenationisstillsigniﬁcantinthesedisorderedchains.
TableC.2.95%conﬁdenceboundsofﬁttingsinﬁgure4.
Latticetype bc
Chain (1.429,1.477) (7.892,8.731)
Chain—average (2.041,2.12) (6.093,8.649)
Ring (4.435,4.531) (3.441,3.873)
Square (1.439,1.547) (0.8296,1.426)
Square—average (1.178,1.239) (−1.292,−1.049)
Toric (2.286,2.523) (−0.969,−0.352)
Rectangular (1.344,1.541) (5.937,8.200)
Cubic (1.071,1.51) (−0.8898,0.001 22)
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